The relativistic shock layer problem was numerically analyzed by using two relativistic Boltzmann- 
I. INTRODUCTION
Advances in elementary particle physics has made the study of the flow field of relativistic particles an important issue. The study of relativistic Boltzmann equations is particularly important for understanding the fundamental properties of nonequilibrium relativistic gases. Despite this importance, numerical analysis of relativistic Boltzmann equations [1] has not yet been reported. Fortunately, two relativistic kinetic equations can be analyzed numerically due to their simplified collision kernels. One is the Anderson-Witting model [2] , and the other is the Marle model [3] . Both models are written in BGK (Bhatnagar-Gross-Krook) [4] form. Assumptions in the construction of the numerical scheme to solve either the Anderson-Witting or Marle models include an inertial frame and no degeneracy of the particles. Projected moments [5] are calculated using a standard method, namely, the Eckart decomposition [6] .
In our analysis of the Marle model, we focused on the dynamic pressure, which is a characteristic quantity for relativistic gases. In the Marle model, the dynamic pressure is derived from the difference in temperatures of the gain and loss terms. The Anderson-Witting model avoids this inequality by using orthogonality of the four velocities of the flow by Landau-Lifshitz [8] to the nonequilibrium terms. However a concrete formulation of the temperature of the gain term has not yet been included in the Marle model. In our analysis, we therefore related the temperature of the gain term with the dynamic pressure in the framework of the N.S.F. (Navier-Stokes-Fourier) law derived from 14-moment theory [1] [7] for the Marle model. Provided that we equate the temperatures of the gain and the loss terms in the Marle model, the bulk viscosity always becomes negative.
To quantitatively examine the behavior of the Anderson-Witting and Marle models, we used a numerical method to solve the relativistic, steady-state shock-layer problem in the absolute standard of rest The meaning of "absolute standard of rest is not clear". Please explain what you mean by this phrase., which is a hypothetical inertial frame. The heat flux and the dynamic pressure were determined from the simulations. The shock layer problem is suitable to investigate nonequilibrium gas dynamics in both the shock structure and in the boundary layer.
Finally, we discuss differences between the Anderson-Witting and Marle models by comparing their flow and molecular-velocity dependent relaxation of the distribution function Do you mean "velocity distribution function"?. Significant differences in relaxation of their distribution functions is observed in the negative tail structures The meaning of "negative tail structure" is not clear. Please explain what you mean. of their distribution functions at the shock's rising edge. Throughout this paper, the molecular potential is represented as a hard sphere molecule. This paper is organized as follows. In Section II we review the relativistic Boltzmann equation and its relation to the projected moments with Eckart decomposition. In Section III we describe the Anderson-Witting and Marle models, and describe a derivation of the temperature of the gain term from the N.S.F. law. In Section IV we describe a numerical method for solving the Anderson-Witting and Marle models. In Section V we describe an application of this method to solve the shock layer problem.
II. RELATIVISTIC BOLTZMANN EQUATION
The relativistic Boltzmann equation is written as [1] 
where x α represents the four-dimensional coordinates, p α is a four-dimensional momentum vector, f is a distribution function defined by f = f t, x i , p i (i = 1, 2, 3), and F is the Lorentz invariant flux. In eq.
(1), terms with prime indicate conditions after collisions and R 3 is the momentum space stretched
In eq. (3), γ(v) is the Lorentz factor, which is given by γ(v) = 1/ 1 − v 2 /c 2 . c is the speed of light and v i is the ith component of the particle velocity for i (= 1, 2, 3). In eqs. (3) and (4), m is the molecular mass. In eq. (4), g ø is Møller's relative velocity. In eq. (1), σ is the differential cross section
and Ω is the solid angle. In eqs. (1) and (4), terms with an asterisk subscript belong to the collision partner. Rewriting eq. (1) in Lorentz variant form yields
Multiplying both sides of eq. (1) by p α and p α p β and integrating in momentum space, we obtain conservation equations in terms of
Momentum-Energy conservation:
According to Eckart [6] , N α and T αβ can be decomposed to
where n is the number density, p <αβ> is the shear stress, p is the isotropic pressure, ̟ is the dynamic pressure, q α is the heat flux, e is the energy density, and U α is the four-dimensional velocity field of the flow given by
where u i is the ith component of the flow velocity. ∆ αβ in eq. (9) is the projector defined by
where η αβ is given by
Projected moments are obtained as [6] 
Projected moments n, u i , p <αβ> , q α and ̟ can be reduced from eqs. (14) and (16) to 14 projected
Conservative equations in eqs. (6) and (7) yield balance equations for n (mass), U α (momentum), and e (energy) [1] as
where D, ∇ α , and the enthalpy per particle h E are defined by
where
Chapmann-Enskog expansion indicates that ̟, p <αβ> and q α are approximated by the product of temporal-spatial gradients of projected moments and transport coefficients, the bulk viscosity η, the viscosity coefficient µ, and the thermal conductivity λ as follows [1] ,
where θ is the gas temperature.
III. RELATIVISTIC KINETIC EQUATION
In this section, we describe two kinetic equations: the Anderson-Witting and Marle models.
Anderson-Witting model
The Anderson-Witting model is given by [2] 
where f (0) is an equilibrium function called the Maxwell-Jüttner function, and can be defined as
where ζ E is given by ζ E = mc 2 kθ E , k is the Boltzmann constant, and θ E is the temperature used in the equilibrium function f (0) . K n is the n th order modified Bessel function and U α L is the four-dimensional velocity of the flow defined by Landau-Lifshitz [8] and written as
τ in eqs. (29) is defined for the hard sphere molecule as [1] 
where v s is the relativistic speed of sound and
For the conservation law for N α and T αβ denoted by eqs. (6) and (7), the following constraints must be satisfied.
where subscript E indicates quantities derived from the equilibrium distribution function f (0) . These constraints are considered to be satisfied by the orthogonality of U α L to nonequilibrium terms in either N α or T αβ . Multiplying eq. (35) by U Lβ /(nc 2 ), we obtain [1] [8] e E = e.
This relation in eq. (36) originates from the relation e = mc 2 G(ζ)
In the Anderson-Witting model θ E is the temperature used in the equilibrium function f (0) , which is equal to θ, the temperature of the gas.
Marle model
The Marle model [3] is obtained by replacing 
where τ is defined in eq. (32).
By multiplying both sides of eq. (38) by p β p γ and integrating in momentum space, we obtain
p 0 and can be decomposed to yield [1]
C 1 , C 2 , C 3 and C 4 are functions of ζ shown in [1] .
Multiplying both sides of eq. (39) by U β U γ It is unclear what you are trying to say with "with eqs. (17) and (40)". and eliminating terms with nonequilibrium projected moments, we obtain
where ψ is defined in Appendix A. From eq. (41), the energy per particle e is not conserved in the collision term in the Marle model.
Multiplying both sides of eq. (39) by ∆ βγ with eqs. (17) and (40) and eliminating terms with nonequilibrium projected moments, we obtain
In eq. (42), −η(ζ E )∇ α u α is the dynamic pressure derived from either p E −p or e E −e and −η(ζ E )∇ α U α is the dynamic pressure derived from the left hand side of eq. (39).
and η(ζ E ) are given in Appendix A and are plotted in Fig. 1 . Figure 1 shows thatη(ζ) is negative for all ranges of ζ (0 < ζ).
From eqs. (40) and (41), e E is given by
From the following approximate relation between e and p [1] ,
we obtain ζ E or θ E as
where C v is the constant-volume specific heat.
IV. NUMERICAL METHOD
In this paper, we exclude photons, whose mass is zero, and molecules with velocities of the speed
In general, the distribution function is f = f (t, x 1 , x 2 , x 3 , v 1 , v 2 , v 3 ), which has a one-to-one corre- 
From eq. (48), N α can be rewritten as
T αβ can also be rewritten as
In eqs. (49) and (50), V 3 is velocity space stretched by
For convenience, non-dimensionalization is done as
where L is the representative length in the observer's frame.
With these non-dimensionalized quantities defined in eq. (51), the Maxwell-Jüttner function in eq.
(30) can be non-dimensionalized as 
whereJ is the Jacobian between x i and ξ i .
The wall condition must also be considered. In this paper, complete diffusion at the wall is assumed.
From conservation of the mass flux to the wall and by setting the ξ 2 axis as the normal vector to the plane element of the wall, we obtain the following relation
where f w is the distribution function on the wall. n w is the number density reflected from the wall and θ w is the temperature of the wall.
V. RELATIVISTIC SHOCK LAYER PROBLEM
In this section we consider the formation of shock layers around circular cylinders. We model this problem using the Anderson-Witting, Marle, and energy-preserved Marle model, which is obtained by setting θ = θ E in eq. (38). For easier comprehension of physical conditions, for the observer's frame the absolute standard of rest is used as the hypothetical inertial frame. We use (x, y, z) instead of (x 1 , x 2 , x 3 ) and (v x , v y , v z ) instead of (v 1 , v 2 , v 3 ). The velocity corresponding to uniform flow is u x = 0.5c, u y = 0, u z = 0. Figure 2 shows a schematic view of the observer's frame and the flow field.
The temperature of the uniform flow is θ ∞ = mc 2 /45k. Under these conditions, the Mach number of 
Assuming that the approximation by the N.S.F. law in eq. (26) is adequate to describe the behavior of the dynamic pressure in both the shock structure and in the boundary layer, eq. (26) indicates that η is negative for all models in the shock structure and the boundary layer. We are continuing to investigate whether or not this negativity is caused by contributions from the Burnett terms [9] .
We do know, however, that the difference between the Marle and the energy-preserved Marle models in the bulk viscosity shown in Fig. 1 is not reflected in the difference of the profiles between these models, as shown in Fig. 6 . However it is notable that the dynamic pressure has negative profiles in the boundary layer, where it might be less affected by the Burnett terms than in the shock structure. Fig. 7C indicates that nonequilibrium conditions exist near the peak of the distribution function. Fig. 7D indicates that at −X/R = 1.246, which is ahead of the boundary layer, that the distribution function represents a weak nonequilibrium condition at its peak. Fig. 7E indicates that at −X/R = 1.082, which is the middle of the boundary layer, that the distribution function shifts slightly to the left from the equilibrium distribution function. We introduce a new relaxation rate parameter,φ AW , which is obtained by removing 
We restrict ourselves toφ AW along the stagnation streamline, for which u i = (u x , 0, 0) and v i = (v x , v y , v z ) gives φ AW as the specific case ofφ AW , 
VI. CONCLUSIONS
In this paper, we used two different relativistic Boltzmann-kinetic equations, the Anderson-Witting and Marle models, to numerically solve a shock-layer problem. The simulated heat flux has similar characteristics to that approximated by using the N.S.F. law. The heat flux calculated by using the gradient of the isotropic pressure represents a nonnegligible component of the total heat flux calculated for this problem. On the other hand, the simulated behavior of the dynamic pressure shows opposite tendencies to that approximated by using the N.S.F. law. It is important to determine whether or not this discrepancy between the N.S.F law and the simulated dynamic pressure is caused by the contribution of terms above the Burnett equation. The relaxation rate of the distribution function by using the Anderson-Witting model depends on both the flow velocity and on the molecular velocity.
On the other hand, the relaxation rate simulated with the Marle model depends only on the molecular Distribution functions at -X/R=-3.218
